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Chapter 9: Building Associations 
 
The first part of this book developed an argument that synthetic psychology was one ap-

proach that could be fruitfully explored in the study of mind.  In very general terms, the aim of syn-
thetic psychology is to build mental phenomena from the bottom up.  A synthetic psychologist 
could proceed by proposing some basic “building blocks” to be used, and then by seeing what 
kinds of interesting and surprising phenomena could be created when these basic components 
are combined.  Some researchers have argued that the synthetic approach promises to provide 
theories of mental phenomena that are simpler than those that can be produced by applying more 
traditional analytic methodologies. 

 
The purpose of the current chapter is to begin our exploration of synthetic psychology by 

examining a proposal for a set of “building blocks”.  In this chapter, we will describe one key build-
ing block for connectionist models: the storing of an association between two patterns by modify-
ing a set of connection weights.  We will see that a memory system that is created from this key 
component has some interesting properties.  But we will also see that there are many stimulus-
response pairings that cannot be encoded in this kind of system.  As a result, additional building 
blocks must be proposed.  These additional building blocks will be introduced in Chapters 10 and 
11. 

 
This chapter proceeds as follows.  First, it presents a brief historical overview of associa-

tionism.  This is culminates in an account of William James’ theory of association, which is used 
to motivate a more modern account of associative mechanisms.  Second, it introduces this mod-
ern account by describing the properties of a particular connectionist network, called a distributed 
associative memory.  This account defines the properties of processing units, modifiable connec-
tions, and the general operations used to train the network and to retrieve associations that have 
been stored in it.  Third, the chapter describes a particular learning rule for this type of connec-
tionist network, the Hebb rule.  Mathematical analyses and the results of computer simulations 
are used to show the advantages and disadvantages of this learning rule.  Fourth, a second train-
ing procedure, the delta rule, is defined in an attempt to overcome some of the problems that 
were uncovered with Hebb-style learning.  The chapter ends with some brief reflections about 
how one might use a computer simulation of a distributed associative memory to explore some 
issues that have arisen in the modern study of association and learning. 

 
9.1 FROM ASSOCIATIONISM TO CONNECTIONISM 

 
In 1921, Howard Warren published A history of the association psychology, which traced 

associationism from Aristotle’s reflections on memory (B.C. 382 – 322) to the psychological theo-
ries proposed by Herbert Spencer and George Henry Lewes in the 1870s.   As far as Warren was 
concerned, association psychology in its most focused form ended at this time: “The association 
psychology culminated with Bain, Spencer, and Lewes.  The evolution doctrine of the two last 
writers affords a wider scope to the play of association; but at the same time it opens the door to 
other factors, which have tended to lessen the importance of association in the eyes of the em-
pirical investigator” (Warren, 1921, p. 16).  Accordingly, Warren organized his history by consider-
ing four different periods of thought that ended with the work of a select group of 19th century 
thinkers.  

 
In this section of the chapter, I will provide a highly selective history of associationism, 

and I will organize this history by adopting Warren's (1921) method of considering different peri-
ods of thought.  However, we will be parting company with Warren in two important ways.  First, 
we will consider some aspects of associationism that persisted beyond the era of Bain.  In par-
ticular, we will examine the associationism of William James, a psychologist whose contributions 
are only briefly considered by Warren.  Second, we will use James’ thoughts about association-
ism as a springboard to very modern associationist models in cognitive science.  In particular, we 
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will see that James laid the foundation for a particular type of connectionist model, called a dis-
tributed associative memory.  Contrary to what Warren’s history implies, associationism has sur-
vived, and even flourished, into the new millennium. 

 
9.1.1 Philosophical considerations 

 
A very long line of philosophers and psychologists are responsible for the development of 

associationism.  They studied associations empirically, through introspection. One of the main 
observations that introspection revealed was that there existed sequences of thought which were 
experienced during thinking.  Associationism grew out of the attempt to provide lawful accounts of 
these sequences of thought. 

 
9.1.1.1 Aristotelian Contributions 
  
The earliest detailed introspective account of such sequences of thought can be found in 

the writings of Aristotle.  In his short essay De memoria et reminiscentia, Aristotle provided an 
account of memory that “is fuller than that to be found in the best-known British empiricists” 
(Sorabji, 1972, p. 1).  In the early part of this essay, Aristotle argued that the contents of memory 
are essentially visual images that resemble the things being memorized.  “For it is clear that one 
must think of the affection, which is produced by means of perception in the soul and in that part 
of the body which contains the soul, as being like a sort of picture, the having of which we say is 
memory.  For the change that occurs marks in a sort of imprint, as it were, of the sense-image, as 
people do who seal things with signet rings” (p. 50). 

 
Later in the essay, Aristotle turned to the process of recollecting thoughts that have been 

remembered.  His account of recollection has all of the elements of the association psychology 
from the 19th century.  He focused upon the sequence of thought: “Acts of recollection happen 
because one change is of a nature to occur after another” (Sorabji, 1972, p.54).  A particular se-
quence of images occurs because either this sequence is a natural consequence of the images, 
or because (through repetition) the sequence has been learned by habit.  Recall of a particular 
memory, then, is achieved by cuing that memory with the appropriate prior images.  “Whenever 
we recollect, then, we undergo one of the earlier changes, until we undergo the one after which 
the change in question habitually occurs.” 

 
For Aristotle, recollection by initiating a sequence of mental images was not a haphazard 

process.  The first image in the sequence could be selected in such a way that the desired image 
would be recollected fairly easily, by taking advantage of possible relationships between the start-
ing image and the image to be recalled.  Aristotle considered three different kinds of relationships 
between the starting image and its successor: similarity, opposition, and (temporal) contiguity: 
"And this is exactly why we hunt for the successor, starting in our thoughts from the present or 
from something else, and from something similar, or opposite, or neighboring.  By this means 
recollection occurs" (Sorabji, 1972, p. 54). 

 
In Aristotle's account of recollection, we see three characteristics that recur in all the later 

theories that defined the association psychology.  First, there is the (introspective) observation 
that thought occurs in sequences.  Second, there is a claim about the nature of the mental enti-
ties that make up this sequence (e.g., mental images).  Third, there is a claim about lawful rela-
tionships between these entities, such that when one comes to mind, this relationship will lead to 
the recollection of the next component of the sequence.  These relationships are generally con-
sidered to be laws of association, and Aristotle's proposal of three such laws (which in later theo-
ries would be called the law of similarity, the law of contrast, and the law of contiguity or the law of 
habit) is completely consistent with proposals made centuries later. 

 
Later researchers accepted the main points of Aristotle's associationism with only minor 

qualifications.  For instance James (1890, p. 594) wrote, "Aristotle seems to have caught both the 
facts and the principle of explanation; but he did not expand his views."  However, Aristotle's ob-

Minds And Machines © M.R.W. Dawson 03/02/2003 



 - 93 - 

servations on memory were essentially ignored (perhaps because they were not understood – 
see (Warren, 1921, p.28) -- for many centuries.  Advances in associationism did not occur until 
the 17th century. 

 
9.1.1.2 17th Century Associationism In Philosophy 
 
One prominent feature of Aristotle’s treatment of associationism was that he only applied 

the laws of association to one domain of experience, that of memory.  This feature was preserved 
through the middle ages.  “The many commentators on Aristotle during the middle ages took up 
the passage on recollection which has been quoted.  They discussed an amplified it, as they did 
every saying of the master, but without throwing any new light on association” (Warren, 1921, p. 
30).  One reason for this very long period of dormancy was the fact that departures from Aristotle 
were akin to heresy: “Any freshness or originality was frowned upon; the only advances came 
from new interpretations – and these too often were misinterpretations” (p. 30). 

 
This situation began to change in the 17th century with the philosophical writings of Tho-

mas Hobbes (b. 1588 – d. 1679).  Hobbes was particularly important for setting the stage to 
broaden the import of association, by applying it to thought processes in general, and not just to 
memory in particular.  He presented three separate themes that permeated the writings of those 
that followed him.  First, he distinguished sense (or sensations) from memory; memory was 
viewed as mental images of what was sensed.  Second, he noted that images are experienced in 
succession, and argued for the need to explain this succession.  Third, he attempted to use prin-
ciples of association to explain sequences of thought. 

 
Hobbes’ work on this third issue was not particularly successful, but his work inspired 

later philosophers who had greater success than did he.  “The British thinkers who followed him 
developed their systems of psychology along the lines that he marked out; the notion of associa-
tion, which he did little more than outline, became more and more prominent as the analysis was 
perfected” (Warren, 1921, p. 33). 

 
The most important philosopher who followed Hobbes in this era was John Locke (b. 

1632 – d. 1704).  Locke coined the phrase “association of ideas”, which first appeared as a chap-
ter title in the fourth edition (1700) of An essay concerning human understanding.   Locke’s fame 
as a philosopher came late in his life; the first edition of this book was published in 1690 when he 
was 57 years old.  However, this fame and influence was long lasting, and his chapter on asso-
ciation launched British empiricism. 

 
Locke’s work was a reaction against the nativism espoused in the philosophy of Des-

cartes, and was primarily concerned with establishing experience as the foundation of all thought.  
Following Hobbes, Locke distinguished between ideas of sensation and ideas of reflection.  He 
was particularly interested in the composition of simple ideas into more complex ideas, as well as 
the sequence of appearance of ideas.  One reason for this interest was because these connec-
tions (from simple to complex, or from one idea to the next in a sequence) did not seem to neces-
sarily reflect a natural order.  Instead, Locke realized that these connections were due to experi-
ence.  “There is another connexion of ideas wholly owing to chance or custom: ideas that in 
themselves are not at all of kin, come to be so united in some men’s minds that it is very hard to 
separate them, they always keep in company, and the one no sooner at any time comes into the 
understanding but its associate appears with it; and if they are more than two that are thus united, 
the whole gang, always inseparable, show themselves together” (Locke, 1977, p. 219). 

 
Interestingly, while Locke anticipated the law of frequency that was later endorsed by J. 

S. Mill, and alluded to association by contiguity and by similarity, he did not explore specific asso-
ciative laws.  One reason for this may be that his primary goal was to argue for the existence of 
ideas formed by association; this was more important to him than an analysis of associative 
mechanisms.  A second reason may be because Locke was not in a position to offer any strong 
arguments in favor of any particular causal process underlying association.  After describing as-
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sociation as being responsible for a keyboard player retrieving a long sequence of finger move-
ments during a performance, Locke noted “whether the natural cause of these ideas, as well as 
that regular dancing of his fingers, be the motion of his animal spirits, I will not determine, how 
probable soever, by this instance, it appears to be so” (Locke, 1977, p. 220). 

 
It is clear that the primary result of 17th century philosophy’s analysis of association was 

to renew scholarly interest in this topic, and to set the stage for more technical advances that 
would come later.  Issues that were pioneered by Aristotle once again became central concerns 
to philosophers, and did so in a context that permitted Aristotle’s views to be criticized and modi-
fied. 

 
9.1.1.3 18th Century Philosophy And Associationism 
 
Locke’s immediate philosophical successor was the Bishop of Cloyne, George Berkeley 

(b. 1685 – d. 1753).  Berkeley was primarily important for transforming the problem of knowledge 
from one that was essentially philosophical to one that was more consistent with the strong psy-
chological overtones that marked theories of association that developed later.  Like Hobbes and 
Locke, Berkeley divided mental content into ideas of sensation and into ideas of imagination, and 
was primarily interested in accounting for the natural succession of ideas.  He reiterated Aris-
totle’s law of contiguity, and extended it to account for associations involving different modes of 
sensation.  “From a frequently perceived connection, the immediate perception of ideas by one 
sense suggests to the mind others, perhaps belonging to another sense, which are wont to be 
connected with them” (Warren, 1921, p. 41).  In other words, Berkeley – unlike Locke -- was one 
of the first philosophers after Aristotle to develop an account of “modes of association”, which de-
scribed the laws that determined how associations came to be. 

 
A more detailed and elaborate theory of modes of association was to be found in the 

work of philosopher David Hume (b. 1711 – d. 1776).  Hume, like his predecessors, began by 
dividing experience into impressions and ideas, and viewed the latter as being weaker or less 
vivid copies of the former.  He then turned to consider principles that explained the connection 
between successive ideas. 

 
In his original treatment, Hume, who was likely unaware of similar ideas put forth by Aris-

totle, proposed three different laws of association: resemblance, contiguity in time or place, and 
cause or effect.  “That these principles serve to connect ideas will not, I believe, be much 
doubted.  A picture naturally leads our thoughts to the original; the mention of one apartment in a 
building naturally introduces an enquiry or discourse concerning the others; and if we think of a 
wound, we can scarcely forbear reflecting on the pain which follows it” (Hume, 1952, p. 23).  
Later, Hume argued that association by cause or effect could not be distinguished from associa-
tion by contiguity, and thus settled on two associative laws: contiguity and resemblance (or simi-
larity). 

 
Hume’s work on association was monumentally influential, but did have one shortcoming, 

in that Hume did not attempt to use his laws of association to account for all mental phenomena.  
This was not attempted until the treatment of association offered by David Hartley (b. 1705 – d. 
1757).  Hartley was not only able to show the broader implications of Hume’s theory, but also 
provided one of the earliest examples of an attempt to root association in terms of brain function.  
Hartley constructed a theory of vibrations that attempted to draw a close correspondence be-
tween mental associations and neural activity.  Hartley saw contiguity as the primary source of 
associations, and ignored Hume’s law of resemblance.  He also anticipated the associationism of 
J.S. Mill by recognizing repetition as a source of association, or at least as a factor that could af-
fect the strength of an association. 

 
9.1.1.4 19th Century Philosophy And Associationism  
 

Minds And Machines © M.R.W. Dawson 03/02/2003 



 - 95 - 

The 19th century marked a period in which associationism evolved from a topic that was 
primarily philosophical into one that was predominately psychological.  In 1829, James Mill (b. 
1773 – d. 1836) published his Analysis of the human mind.  The third chapter of this psychologi-
cal text was on associationism.  Many of the ideas put forth in this chapter were familiar: Mill di-
vided mentality into sensations and ideas, where ideas were once again proposed as being cop-
ies or traces of sensations.  Mill observed that sensations occur either simultaneously or in suc-
cessive order, and that ideas presented themselves in the same sequence as did the sensations 
that they copied.  His associationism, like those of the philosophers that we have already seen, 
attempted to account for the succession of ideas. 

 
The 19th century was also an era in which writers assumed the fundamental notions of 

associationism as a given, and turned to fleshing out the details.  For Mill, the only law of associa-
tion was contiguity.  He explicitly denied Hume’s laws of cause or effect and resemblance.  Mill 
also emphasized the importance of individual associations varying in strength.  For Mill, associa-
tion was essentially a mechanical process by which complex ideas were created by associating 
simpler ideas together.  Because of his mechanical metaphor, emergence played no role in Mill’s 
associationism.  For Mill, a complex idea was no more than the sum of its components, and if one 
understood these, then one should be able to completely understand the larger idea that they 
comprised. 

 
Mill’s ideas were challenged and modified by his own son, John Stuart Mill (b. 1806 – d. 

1873).  John Stuart Mill argued that ideas were indistinguishable from sensations, and were not 
just less vivid copies.  He then posited a completely different set of associative laws, which in-
cluded a reintroduction of Hume’s law of similarity:  “The first is that similar ideas tend to excite 
one another.  The second is that when two impressions have been frequently experienced (or 
even though of) either simultaneously or in immediate succession, then whenever one of these 
impressions or the idea of it recurs, it tends to excite the idea of the other.  The third law is that 
greater intensity in either or both of the impressions is equivalent, in rendering them excitable by 
one another, to a greater frequency of conjunction” (Warren, 1921, p. 96). 

 
One of John Stuart Mill’s most interesting departures from his father’s associationism was 

replacing a mechanistic account of complex ideas with an account that was described as a “men-
tal chemistry”.  In this mental chemistry, when complex ideas were created via association, the 
resulting whole was more than just the sum of its parts.  As a result, the laws governing the whole 
(e.g., successions to other ideas) could not be predicted by knowing the laws governing the sim-
pler ideas that served as parts.  In other words, John Stuart Mill proposed an associationism that 
endorsed an early form of emergence. 

 
The associationism of Alexander Bain (b. 1818 – d. 1903) is, in many respects, a refine-

ment of John Stuart Mill’s.  Bain invoked four different laws of association, and attempted to re-
duce all intellectual processes to these laws.  One of these laws was the law of contiguity, which 
has been present in every theory of association that we have reviewed.  A second was the law of 
similarity, which was revived from Hume by both Bain and J.S. Mill after being banished by 
James Mill.  The third was the law of compound association: “Past actions, sensations, thoughts, 
or emotions are recalled more easily, either through contiguity or similarity, with more than one 
present object or impression” (Warren, 1921, pp. 107-108).  This law was an important precursor 
to William James’ treatment of associations between patterns, which we will consider in more de-
tail shortly.  The fourth was the law of constructive imagination: “By means of association the 
mind has the power to form new combinations or aggregates, different from any that have been 
presented to it in the course of experience” (p. 109).  This law represents an important psycho-
logical contribution of Bain, in that he was attempting to explain creative thought in terms of asso-
ciative principles. 

 
9.1.2 Psychology, Associationism, and Connectionism 
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Bain represents a bridge between philosophical and psychological treatments of associa-
tion.  Bain stood “exactly at a corner in the development of psychology, with philosophical psy-
chology stretching out behind, and experimental physiological psychology lying ahead in a new 
direction.  The psychologists of the twentieth century can read much of Bain with hearty approval; 
perhaps John Locke could have done the same” (Boring, 1950, p. 240).  In this section, we will 
consider some of the key developments of the psychological associationism that was inspired by 
Bain’s work.  However, this review will be extremely selective, because we will use it to motivate 
a discussion of a very particular kind of connectionist network. 

 
9.1.2.1 19th Century Contributions Of William James 
 
The pioneer of the “New Psychology” in North America was William James (b. 1842 – d. 

1910).  James created the first demonstrational psychology laboratory in North America, and in 
1890 published a profoundly influential psychology text in two volumes, The Principles Of Psy-
chology.  “The key to his influence lies…in his personality, his clarity of vision, and his remarkable 
felicity in literary style” (Boring, 1950, p. 509). 

 
James’ treatment of association is found in Chapter 14 of The Principles Of Psychology.  

He was in particular concerned about the fact that philosophical associationism had not made any 
serious proposals concerning the causal mechanisms that instantiated modes of association.  For 
example, he offers the following assessment of Bain: “His pages are painstaking and instructive 
from a descriptive point of view; though, after my own attempt to deal with the subject causally, I 
can hardly award to them any profound explanatory value” (James, 1890, p. 601). 

 
James was of the opinion that explanatory accounts had eluded previous associationists 

because of a fatal flaw in their approach.  This flaw was the assumption that associations were 
made between mental contents (e.g., the images, reflections, or ideas that had been proposed by 
most of James’ predecessors as being copies or traces of sensations).  James argued that if as-
sociation was a mechanical process, then it must apply to objects and not ideas; he then pro-
posed a particularly psychological theory by arguing that the objects being associated were brain 
states: “Association, so far as the word stands for an effect, is between THINGS THOUGHT OF – 
it is THNGS, not ideas, which are associated in the mind.  We ought to talk of the association of 
objects, not of the association of ideas.  And so far as association stands for a cause, it is be-
tween processes in the brain – it is these which, by being associated in certain ways, determine 
what successive objects shall be thought” (James, 1890, p. 554). 

 
In terms of viewing association as an effect, James’ theory was not a radical departure 

from others that we have considered in this chapter.  First, he was primarily concerned with pro-
viding an account of the succession of thoughts.  Second, his theory attempted to explain this 
succession via associative law.  For James, the only explanatory mode of association was conti-
guity, which he called the law of habit.  While he admitted that other factors could be described as 
affecting association (similarity, vividness, recency, emotional congruity), he attempted to show 
how all of these could be explained in terms of contiguity. 

 
James was able to reduce other laws of association to the law of contiguity when he de-

parted from the traditional view of association as an effect, and replaced it with the view of asso-
ciation as a cause.  There are several central elements to his physiological account of associa-
tion.  First, James recognized that one idea or event could be represented in the brain as a pat-
tern of activity across a set of more than one neuron.  Second, he expressed his law of habit in 
terms of a process that affected the ease of transit of a nerve-current through a tract:  “The psy-
chological law of objects thought of through their previous contiguity in thought or experience 
would thus be an effect, within the mind, of the physical fact that nerve-currents propagate them-
selves easiest through those tracts of conduction which have been already most in use” (James, 
1890, p. 563).  Third, he viewed the succession of thoughts that one experiences as due to the 
fact that activity in one brain state (i.e., some set of neurons) leads to activity in some different 
brain state that had previously been associated with the first.  “When two elementary brain-
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processes have been active together or in immediate succession, one of them, on reoccurring, 
tends to propagate its excitement into the other” (p. 566).  Finally, James was predominately con-
cerned with predicting which subsequent brain state would be activated by a prior brain state, 
given that one idea might be associated with a number of different ideas, other at different times 
or in different ways.  James attempted to explain this kind of variation by realizing that any given 
neuron would be receiving signals from a number of other neurons, and that its degree of activa-
tion would depend on an entire pattern of input, and not upon an association with a single incom-
ing signal. “The amount of activity at any given point in the brain-cortex is the sum of the tenden-
cies of all other points to discharge into it, such tendencies being proportionate (1) to the number 
of times the excitement of each other point may have accompanied that of the point in question; 
(2) to the intensity of such excitements; and (3) to the absence of any rival point functionally dis-
connected with the first point, into which the discharges might be diverted” (p. 567). 

 
The main physiological points of James’ theory of association are summarized in Figure 

9-1, which is analogous to his own Figure 40 in his chapter on association (James, 1890) (p. 
570).  The figure represents two ideas, one (A) being the last act of a dinner party, the other (B) 
being walking home through the frosty night.  Each of these ideas is represented in the brain as a 
pattern of activity in a set of neurons.  A is represented by activity in neurons a, b, c, d, and e; B is 
represented by neurons l, m, n, o, and p.  The association is made between A and B because A 
preceded B in the course of an evening.  As a result, the neurons representing A were active im-
mediately prior to the activity of the neurons representing B, and the tracts connecting the neu-
rons (represented as the lines in Figure 9-1) were modified according to the law of habit.  The 
ability of A’s later activity to lead to the thought of B, is due to these modified connections be-
tween the two sets of neurons.  “The thought of A must awaken that of B, because a, b, c, d, e, 
will each and all discharge into l through the paths by which their original discharge took place.  
Similarly they will discharge into m, n, o, and p; and these latter tracts will also each reinforce the 
other’s action because, in the experience B, they have already vibrated in unison” (p. 569). 

 
9.1.2.2 The Paired Associate Task 
 
The type of association envisioned 

by James, and illustrated in Figure 9-1, 
leads to one methodological topic that will 
be central to the simulations that will be in-
troduced later in the chapter.  In James’ ex-
ample, associative memory is viewed as 
having two different functional stages.  The 
first is learning, in which an association be-
tween two ideas is stored.  As we saw in the 
previous section, this occurs when two ideas 
(an input pattern and an output pattern) oc-
cur either simultaneously or in close succes-
sion to one another.  As a result of this co-
occurrence, the connections between the 
neurons representing both patterns are 
modified to permit easier transmission of 
“nerve-currents”.  The second stage is re-
call.  During this stage, only one of the two 
previous ideas is presented as input.  When 
its underlying neural processes become ac-
tive, they serve to activate those associated 
with the other idea (output), bringing it to 
mind. 

Figure 9-1.  An associative mem-
ory in the spirit of James.  See text for 
details on how this systems was theo-

rized to work. 
 
This two-stage account of associa-

tion was used to develop a particular para-
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digm used to study human memory called the paired associate task.  This method of examining 
memory presents stimuli in a fashion similar to what would be the case if someone were learning 
the vocabulary of a foreign language (Kintsch, 1970).  Subjects learn a list of stimulus-response 
pairs.  Sometimes this learned via the “study-test method”.  With this method, subjects are pre-
sented both members of the pair at the same time, and attempt to remember the association be-
tween the two.  In the test phase of this method, subjects are only presented the stimulus, and 
must attempt to recall the associated response on their own.  The paired-associate learning task 
was used with great success to study the issue of whether learning was all-or-none or was in-
stead due to an increment in continuously varying response strength. 

 
Mary Whiton Calkins (b. 1863 – d. 1930) was among the first generation of women to en-

ter psychology (Furumoto, 1980).  In 1896, she published a paper in Psychological Review that 
provided the first description of the paired associate task.  There is no doubt that she was in-
spired to invent this technique by considering ways in which James’ theory of association could 
be put to the test in an experimental laboratory. 

 
9.1.2.3 20th Century Models Of Distributed Memory 
 
After the cognitive revolution in the second half of the 20th century, many researchers 

turned to using computer simulations to study human memory processes.  In this section of the 
chapter, we will be interested in simulations that share two general characteristics.  First, they are 
designed to perform the paired associate task, and are generally trained using some variation of 
the study-test method.  Second, they are closely related to the kind of associative memory envis-
aged by James, and which was illustrated in Figure 9-1. 

 
Some of the earliest research on parallel systems was concerned with the development 

of distributed memories capable of learning associations between pairs of input patterns (e.g. 
Steinbuch, 1961; Taylor, 1956), or of learning to associate an input pattern with a categorizing 
response (e.g., Rosenblatt, 1962; Selfridge, 1956; Widrow & Hoff, 1960). The basic structure of 
this kind of connectionist network, which has come to be called the standard pattern associator 
(McClelland, 1986), is essentially identical to James’ memory that was illustrated in Figure 9-1. 

 
As will be detailed below, the standard pattern associator is constructed from the proc-

essing units and modifiable connections defined in the PDP architecture.  It consists of two sets 
of processing units; one is typically called the input set (corresponding to the units in A in Figure 
9-1), the other the output set (i.e., the units in B in Figure 9-1).  During a learning stage, the acti-
vation states of the input processing units are used to represent a cue pattern and the activation 
states of the output processing units are used to represent a to-be-recalled pattern.  The connec-
tion weights are then modified to store the association between the two patterns.  The standard 
pattern associator is called a distributed memory because this association is stored throughout all 
the connections in the network, and because one set of connections can store several different 
associations.  During the recall stage, a cue pattern is presented to the network by activating the 
input units.  This causes signals to be sent through the connections in the network.  These sig-
nals, in accord with James’ theory, activate the output processors.  If the memory is functioning 
properly, then the pattern of activation in the output units will be the pattern that was originally 
associated with the cue pattern. 

 
9.2 BUILDING AN ASSOCIATIVE MEMORY 

 
Up to this point in the chapter, we have reviewed a history of associationism that has 

culminated in the standard pattern associator.  The remainder of this chapter is intended to pro-
vide a technical account of this kind of memory system.   

 
9.2.1 Defining the problem  
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The purpose of the computer simulation is to build a memory system that is capable of 
storing associations between pairs of items.  During a learning phase, the system will be pre-
sented pairs of stimuli.  For each pair, it will determine how they are to be associated together, 
and store this association in memory.  During a recall phase, the system will be presented with 
only one member of a pair.  Using this member as a cue, it will use its memory to attempt to recall 
the other member of the pair to the best of its ability.  In order to create a system that will behave 
in this fashion, we will construct a very simple connectionist network.  The network will consist of 
an input “bank” of processing units, an output bank of processing units, and a set of modifiable 
connections between these two banks.  The basic design of the network was illustrated in Figure 
9-1.  As we will see, several independent associations can be stored in the same set of connec-
tion weights. 

 
9.2.2 The Network Architecture 

 
9.2.2.1 Processing Units 
 
Ultimately, both the input units and the output units can be considered as sets of num-

bers, with each number representing a property of an individual unit (e.g., its internal level of ac-
tivity), and with the entire set of numbers representing a pattern across a whole bank of units 
(e.g., the pattern of activity of the bank of input units).  It will be useful to represent these sets of 
numbers as vectors, because linear algebra provides an extremely compact and useful notation 
for exploring the properties of distributed associative memories and of other connectionist net-
works.   

 
For example, we might represent the activity of input unit 1 with the numerical value a1, 

the activity of input unit 2 with the numerical value a2, and so on.  The set of activities for all of the 
input units could be represented as the vector a, whose first entry would be the value a1, whose 
second entry would be the value a2, and so on.  By convention, when we talk about the vector a, 
we will assume that it is a column vector.  This means that when all of the values of the vector are 
listed out, they are strung out vertically in a column, as is shown in Figure 9-2.  In some cases, 
the operations of linear algebra assume that a vector is a row vector, which means that when its 
values are listed out, they are strung out horizontally in a row, as is also shown in Figure 9-3.  
The operation that converts a column vector into a row vector is called transposition.  Because of 
this, if we were to indicate that a vector was a row vector, then we would do so with a notation 
that included a superscript “T”, to explicitly indicate that the vector had been transposed.  For in-
stance, if vector a is a column vector of unit activities, then vector aT would be a row vector of the 
same numerical activities. 

 
In order to represent the properties of 

banks of units as vectors, we need to define 
some equations that dictate what numerical 
values should be inserted into the vectors.  
Any processing unit in a connectionist network 
can be described using three different 
mathematical equations.  The first equation is 
the net input function, which describes how a 
processing unit computes the total signal 
coming into it from other processors in the 
network.  The second equation is the 
activation function, which determines how a 
processing unit converts this input signal into a 
number that represents its internal level of 
activity.  The third equation is the output func-
tion, which defines how a processor’s internal 
level of activity is converted into a numerical 
signal that can be sent through connections to 

Figure 9-2.  The inner product (see 
Equation 9-5) of the row vector aT and the 
column vector a is a single number, which 
is the sum of the products of the entries of 

the two vectors. 
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other processors in the network.  When these three equations are used to describe the proces-
sors used in our memory network, it will become apparent that they are particularly simple. 

 
In the distributed associative memory network that we are constructing, the activity val-

ues of the input units are always set by the programmer, who simply turns each input unit on to 
the desired level of activity (i.e., the level of activity that represents information about one mem-
ber of the to-be-associated pairs of patterns).  For the sake of consistency with later chapters, we 
will describe this in terms of a net input function.  Specifically, the net input for input unit i (neti) is 
equal to the environmental stimulation for that input unit (ei): 

 
neti = ei     Equation 9-1 

 
The input processors in the distributed associative memory are particularly simple be-

cause after their net input is computed, its value is used as the value of the processor’s internal 
activity and as the value that the processor outputs to the output units.  Mathematically speaking, 
the activation function and the output function for the input units are both identity functions.  That 
is, the internal activity of input unit i (ai) is defined as: 

 
ai = neti    Equation 9-2 

 
Similarly, the activity that input unit i sends to other units (oi) is defined as: 
 

oi = ai     Equation 9-3 
 
During the learning phase, the output units are treated exactly as are the input units.  

That is, the programmer sets their activity values to represent the other member of the to-be-
associated pair.  Because of this, during learning, the output units can be described using exactly 
the same equations that were used to describe the input units (i.e., Equations 9-1, 9-2, and 9-3).  
During the recall phase, the output units have their net input determined by signals that are sent 
from the input units, and therefore require a slightly more elaborate net input equation. 

 
Imagine a very simple network in which there are 8 different input units, and only 1 output 

unit.  Each of the input units is linked to the output unit by a connection.  Each connection is 
weighted, where a connection weight is simply some numerical value.  When a numerical signal 
is sent through a connection, the connection scales the signal by multiplying it by the value of its 
connection weight.  Let us represent the weight of the connection between input unit 1 and the 
output unit as w1, between input unit 2 and the output unit as w2, and so on.  During recall in this 
simple network, each of the input units will be sending a signal to the output unit.  Input unit 1 will 
be sending the signal o1, input unit 2 will be sending the signal o2, and so on.  The signal o1 will 
be multiplied by the weight value w1 before it reaches the output unit.  So part of the signal that 
reaches the output unit will be the value o1w1.  Following the same logic for the other input units, 
the output unit will also be receiving the signal o2w2, o3w3, and so on.  In other words, the total 
signal for the output unit – its net input – will be: 

 
     net1 = o1w1 +o2w2 + o3w3 + … + o8w8 

= Σoiwi      Equation 9-4 
 
Linear algebra can be used to make this equation more compact.  (For an excellent intro-

duction to linear algebra that is framed in the context of connectionist networks, the reader is re-
ferred to Jordan, 1986).  Let us take the signals being output by the input units and represent 
them as the row vector o, and let us take the set of connection weights between the input units 
and the output units and represent them as the column vector w.  These two vectors can be 
combined using an operation called the inner product or the dot product (see Figure 9-2).  The 
result of this operation is a single number (net1, representing the net input for output unit 1) 
whose value is defined in Equation 9-4 – in fact, Equation 9-4 shows how an inner product is to 

Minds And Machines © M.R.W. Dawson 03/02/2003 



 - 101 - 

be computed.  In the notation of linear algebra, the inner product that defines the net input for the 
output unit is: 

 
net1 = oT •  w    Equation 9-5 

 
 One way to remember that the result of an inner product like Equation 9-5 is a single 

number is to note the number of rows in the first component (oT is a row vector, and therefore has 
only one row) and to note the number of columns in the second component (w is a column vector, 
and therefore has only one column).  The result of the operation will have the same number of 
rows as the first component, and the same number of columns as the second component.  In 
other words, the result of an inner product will be a single number – a vector with only one row 
and only one column. 

 
The inner product described in Equation 9-5 defines the net input for a single output unit.  

We will see in later chapters that the inner product is a standard net input function for all of the 
processors in more sophisticated connectionist networks. 

 
9.2.2.2 Modifiable Connections 
 
In the previous section, when we defined the net input function for a single output unit 

during recall, we represented the set of connection weights from a bank of input units to the out-
put unit as a vector.  Our goal in designing the distributive associative memory is to have a sys-
tem that uses more than one output unit, so that it can recall a complete pattern of activity.  It 
stands to reason that we would need to represent the connection weights for this more compli-
cated memory with a set of weight vectors, with each vector in the set holding the connection 
weights associated with one of the output units. 

 
In linear algebra, this set of vectors would be represented as a single entity called a ma-

trix.  If our memory had n input units, and m output units, then all of the connection weights be-
tween the input and output processors would be represented by one weight matrix, W, which 
would have n rows and m columns.  Each entry in this matrix, wij, would contain a number repre-
senting the weight of the connection from input unit i to output unit j.  

 
By representing all of the connection weights with the matrix W, we can take advantage 

of linear algebra to create a very compact mathematical description of how weights are modified, 
and we can also define very simple equations that describe how information stored in this matrix 
can be retrieved when the memory system is presented with a cue.  When the distributed asso-
ciative memory stores associations between patterns, it does so by modifying the strengths of its 
connection weights.  This is done in two steps.   

 
First, the memory computes changes in weights that are required to represent the asso-

ciation between the pair of patterns presented to it during a learning trial.  Later in this chapter we 
will discuss two different equations that could be used to compute the desired weight changes.  In 
this first step, all of the desired weight changes are stored in the matrix ∆t+1, where the subscript 
t+1 indicates the learning trial during which the changes have been computed.  This matrix has 
the same number of rows and columns as does matrix W, and each entry δij in this matrix repre-
sents the value by which the connection weight between input unit i and output unit j should be 
changed. 

 
Second, the memory uses the matrix ∆t+1 to change the existing connection weights.  Let 

us use the subscript t to represent the network’s connection weights at a particular trial of learn-
ing.  Using the current weights, represented in the matrix Wt, and the desired weight changes, 
stored in the matrix ∆t+1, the goal is to compute the new values of weights, which will be stored in 
the matrix Wt+1.  This is done by computing the sum of the matrices that represent the current 
weights and the desired weight changes: Wt+1 = Wt + ∆t+1.  Every value wij at row i and column j of 
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the new weight matrix is simply equal to the sum of the value wij in matrix Wt and of the value δij in 
matrix ∆t+1. 

 
With this notation, learning can be described as a series of matrix additions.  Imagine that 

prior to learning, our memory system is truly a “blank slate”, because all of its connection weights 
are equal to zero.  The null matrix, 0, is the special matrix that has every value in it equal to zero.  
So at time 0, before learning as started, we could declare that W0 = 0.  At learning trial 1, the new 
weights (W1) are equal to the old weights (the null matrix) plus the desired weight changes (∆1).  
At learning trial 2, the new weights (W2) are equal to the old weights (W1) plus the desired weight 
changes (∆2).  As can be seen from Table 9-1, this kind of learning can continue for as many tri-
als as is desired.  Furthermore, Table 9-1 demonstrates that at any point in time after learning 
has begun, the memory’s connection weights are essentially the sum of a series of matrices each 
of which contains the weight changes that are desired to store an association between a pair of 
stimuli. 

 
Trial (t+1) Equation Describing Weight Values 

0 W0 = 0 
1 W1 = W0 + ∆1 = 0 + ∆1  = ∆1 
2 W2 = W1 + ∆2 = (∆1)+ ∆2 
3 W3 = W2 + ∆3 = (∆1 + ∆2) + ∆3 
4 W4 = W3 + ∆4 = (∆1 + ∆2 + ∆3) + ∆4 

Table 9-1. Associative learning described a series of matrix additions. 
 
9.2.2.3 The Retrieval Operation 
 
Before introducing a specific equation 

for calculating the association between pairs of 
stimuli, let us assume that we have a distributed 
memory that has already undergone some train-
ing, and therefore has a pre-existing set of con-
nection weights that are represented in the ma-
trix W.  What we would like to do is to present a 
vector of activity to the input units of this mem-
ory that will be used as a cue to retrieve some 
information, which will also be represented as a 
vector of activity in the memory’s output units.  
To define this kind of retrieval mathematically, 
let the column vector c represent the cue pat-
tern, and let the column vector r represent the 
recalled pattern.  In linear algebra, the equation 
for recall from the distributed associative mem-
ory is: 

Figure 9-3.   
Recall as the premultiplication of a 

column vector by a matrix. (A) The second 
entry of the recall vector is the inner product 
of the second row of the matrix with the vec-

tor (see grey). (B) Similar logic defines the 
third entry of the recall vector. 

 
r = Wc  Equation 9-6 
 

In other words, if one takes the matrix of weights 
that have been produced by learning, and uses 
this matrix to premultiply the cue pattern’s vec-
tor, the result will be a column vector that holds 
the recalled pattern. 

 
For those unfamiliar with linear algebra, 

let us briefly examine the logic of Equation 9-6.  
When retrieving information from the distributed 
associative memory, the input units are acti-
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vated, and send signals through weighted connections to the output units.  The output units use 
these signals to compute their net input, which is also equal to their activation and to their output, 
as indicated in Equations 9-2 and 9-3.  We saw earlier that the net input for a single output unit 
was the inner product between a vector of weights and a vector of activities.  It stands to reason, 
then, that in order to compute the net input for several different output units, we will have to com-
pute a series of different inner products. 

 
The notation in Equation 9-6 represents performing a series of inner products.  Each en-

try in the recall vector r is the inner product between the cue vector and one of the rows of the 
weight matrix.  For example, the second entry in r is equal to the inner product between the sec-
ond row of W and the column vector c (see Figure 9-3A).  Similarly, the third entry in r is the inner 
product between the third row of W and the vector c (see Figure 9-3B). This operation is consis-
tent with the rule of thumb that we introduced earlier when discussing the inner product.  The ma-
trix W will have m rows, and the vector c has 1 column.  So, we expect the result of Equation 9-6 
to be a vector with m rows and 1 column – in other words, a column vector of the same size as c. 

 
9.2.2.4 Hebb-Style Learning 
 
Up to this point, we have described how vectors are used to represent properties of proc-

essing units, how matrices are used to represent connection weights, how linear algebra provides 
a mathematical operation that uses a cue vector to retrieve a recall vector from a matrix of exist-
ing weights, and how associative learning can be described in generic terms as a series of sums 
of matrices.  The only remaining piece of information required for a complete description of a dis-
tributed associative memory is a specific equation that defines how the desired weight changes 
are to be computed and stored in the matrix ∆t+1.  In this section, we will introduce one simple and 
historically important learning rule, called the Hebb rule.  Later in this chapter, we will explore the 
Hebb rule’s advantages and disadvantages, and use its disadvantages to motivate a second 
learning rule. 

 
Donald Hebb (1904-1985) was one of the most influential figures in psychology (Klein, 

1999).  Hebb’s seminal contribution to psychology was his book The Organization of Behavior: A 
Neuropsychological Theory (Hebb, 1949).  At the time that this book was published, physiological 
psychology was in decline because of the popularity of behaviorism.  Hebb’s book reversed this 
trend by attempting to explain behavior by appealing to properties of the nervous system.  The 
book “wielded a kind of magic in the years after its appearance.  It attracted many brilliant scien-
tists into psychology, made McGill University a North American Mecca for scientists interested in 
brain mechanisms of behavior, led to many important discoveries, and steered contemporary 
psychology onto a more fruitful path” (Klein, 1999, p. 2). 

 
One of the central ideas that made Hebb's (1949) work so influential was the notion of a 

cell assembly.  “The general idea is an old one, that any two cells or systems of cells that are re-
peatedly active at the same time will tend to become ‘associated’, so that activity in one facilitates 
activity in the other” (p. 70).  The result of this kind of process is the creation of coordinated sys-
tems, or assemblies, of cells that act in sympathy with one another.  Activity in one of the cells 
would lead to activity in the other cells that were part of the assembly.  Hebb emphasized the util-
ity of this kind of biological construct for explaining a variety of perceptual and motivational phe-
nomena. 

 
A crucial component of cell assembly theory was an account of how assemblies came 

into existence.  Hebb (1949) is perhaps most famous for his statement of a principle of synaptic 
change for the creation of cell assemblies: “When an axon of cell A is near enough to excite a cell 
B and repeatedly or persistently takes part in firing it, some growth process or metabolic change 
takes place in one or both cells such that A’s efficiency, as one of the cells firing B, is increased” 
(p. 62).  Hebb believed that the mechanism underlying the change in the strength of the synapse 
between the two neurons was an increase in the area of contact between the two, but such hy-
potheses could not be tested at the time his work was published.  Advances in neuroscience 
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have led to a discovery of a phenomenon, called long-term potentiation, that is often cited as a 
biologically plausible instantiation of Hebb’s theory (e.g., Brown, 1990; Martinez & Derrick, 1996). 

 
In the late 1950s, the advent of digital computers enabled researchers to use simulations 

to explore the advantages and disadvantages of Hebb's (1949) theory of synaptic change.  In one 
famous study, Rochester, Holland, Haibt, and Duda (1956) simulated a network of 69 simple neu-
rons, with each neuron connected to 10 others.  Rochester et al. updated connection weights us-
ing a modified version of Hebb’s proposal.  While the general spirit of the proposal was main-
tained, when weights were updated, they were normalized to prevent them from growing out of 
bounds.  What this meant was that if the strength of one connection were increased, then the 
strength of other connections would be decreased at the same time.  As well, Rochester et al. 
introduced the notion of “neural fatigue”, which meant that one of their simulated neurons was 
less likely to fire if it had recently been active.  After running this simulation, Rochester et al. ex-
amined the connection weights that emerged in an attempt to identify whatever cell assemblies 
had emerged.  They found no evidence for the existence of cell assemblies in their simulation, 
and concluded that Hebb’s theory as stated was not sufficient for their production. 

 
Rochester et al. (1956) developed a second simulation using an unpublished modification 

of Hebb’s theory that was proposed by Milner, and which later appeared in Psychological Review 
(Milner, 1957).  In Hebb’s original theory, and in Rochester et al.’s first simulation, there were no 
inhibitory connections.  All of the connection weights (and all of the neural signals) in the simula-
tion were positive and excitatory.  Milner’s proposal was to include inhibitory connections in the 
theory, under the assumption that there would be excitatory connections within a cell assembly, 
but activity in one cell assembly would tend to decrease activity in other cell assemblies via inhibi-
tory signals.  This proposal – endorsed by Hebb in a revision of his original theory (Hebb, 1959) – 
led to a simulation that did produce evidence of the emergence of cell assemblies. 

 
In modern connectionist simulations, the goal of Hebb-style learning is not specifically to 

create cell assemblies, but is instead to create associations between patterns of activity, so that 
later when one pattern of activity is presented, the other pattern will be recalled.  In other words, 
modern Hebb-style learning is one approach to defining “association by contiguity” or “the law of 
habit”.  Nevertheless, inhibition is an important component of this type of learning, and is included 
in a distributed associative memory in two different ways. 

 
First, and consistent with proposals described above, connections between processing 

units can either be excitatory (i.e., have a positive connection weight) or be inhibitory (i.e., have a 
negative connection weight).  Second, and deviating from research in the 1950s, processing units 
can themselves be sending a signal that is excitatory (i.e., positive processing unit activity) or in-
hibitory (i.e., negative processing unit activity).  In many respects, these assumptions violate 
Hebb’s attempt to develop a biologically plausible account of behavior.  For instance, in the ver-
sion of the distributed associative memory that we will develop below, at one moment a process-
ing unit (or connection) can be excitatory, but at another moment the same unit (or connection) 
can be inhibitory.  This kind of proposal is biologically implausible (Crick & Asanuma, 1986).  
However, it leads to a very simple mathematical description of Hebb-style learning, as we will see 
shortly. 

 
As was noted above, Hebb's (1949) basic idea about learning was that if an input neuron 

and an output neuron were both active at the same time, then the synapse between them should 
be strengthened.  “The assumption, in brief, is that a growth process accompanying synaptic ac-
tivity makes the synapse more readily traversed” (p. 60).  The logic of this proposal was that with 
the strengthening of the synapse, in situations in which the input neuron became active, there 
would be an increased likelihood of the output neuron becoming active as well.  This is because 
the output neuron would receive increased stimulation (via the reinforced synapse) from the input 
neuron. 
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In modern variations of Hebb-style learning, particularly those based upon the assump-
tion that processor activity can be either inhibitory or excitatory, the goal of connection weight 
changes is not to increase the likelihood of activity in an output unit.  Rather, the goal is to change 
the weight in such a way that the relationship between input and output unit activities is en-
hanced.  In other words, if at some learning trial an input unit is in one state x, and the output unit 
is in some other state y, then the connection weight should be changed so that later if the input 
unit returns to state x, then its signal through the connection should increase the likelihood of rec-
reating state y in the output unit. 

 
Hebb's (1949) view of learning is an example of enhancing one aspect of this relation-

ship.  To place his original proposal in the more modern context of a connectionist network, it was 
assumed that if an input unit and an output unit were both excited (positive activity), then the 
weight of the connection between them should be made more excitatory (i.e., more positive).  
Later, if the input unit exhibits positive activity, this would lead to a more positive signal (the posi-
tive activity multiplied by the more excitatory connection weight) being sent to the output unit, 
which would increase the net input to the output unit, and which would in turn increase the likeli-
hood that the output unit would also exhibit positive activity. 

 
Importantly, connection weights can be changed to enhance other relationships between 

input and output unit activities.  For example, consider the situation where both an input unit and 
an output unit were inhibited (negative activity).  To increase the probability that this pattern would 
occur later, one would again make the weight of the connection between them more excitatory.  
Later, if the input unit exhibits negative activity, this would lead to a more negative signal (the 
negative activity multiplied by the more excitatory connection weight) being sent to the output 
unit, which would decrease the net input to the output unit.  As a result, the output unit would be 
more likely to assume negative activity.  Similarly, imagine the situation in which the input unit 
was inhibited, but the output unit was excited.  To increase the probability that this pattern would 
occur later, one would make the weight of the connection between the two units more inhibitory.  
Later, if the input unit exhibits negative activity, this would lead to a more positive signal (the 
negative activity multiplied by the more inhibitory connection weight) being sent to the output unit, 
which would increase the net input to the output unit.  As a result, the output unit would be more 
likely to assume positive activity. Similar logic would dictate that if the input unit was excited and 
the output unit was inhibited at the same time, then the connection between them should again 
be made more inhibitory.  Table 9-2 summarizes the desired direction of weight changes given 
the possible states of connected input and output units. 

 
Activity Of Input Unit Activity Of Output Unit Direction Of Desired Weight Change 

Positive Positive Positive 
Negative Negative Positive 
Negative Positive Negative 
Positive Negative Negative 
Table 9-2. The direction of weight changes that will enhance the relationship be-

tween patterns of input and output unit activities. 
 
What remains is to convert the qualitative account of desired weight changes that is given 

in Table 9-2 into a quantitative equation that will generate numbers that can be used to fill in the 
values of the matrix ∆t+1 during learning.  An examination of the table provides a clear indication 
of the kind of mathematical operation to use.  Note that if one were to take the value (i.e., the 
mathematical sign) of each of the first two columns and multiply them together, then the result 
would be the value in the third column of the table.  In modern Hebb-style learning, the basic as-
sumption is that the desired weight change for the connection between input unit i and output unit 
j is equal to the product of the activities of the two units: 

 
δij = ai •  ai     Equation 9-7 
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Equation 9-7 has two main advantages.  First, under the assumption that unit activities 
can have negative or positive values, this equation creates weight changes of the desired sign 
according to Table 9-2.  Second, this equation generates weight changes that reflect the relative 
amount of activity in both units.  Imagine that the two processing units were both exhibiting posi-
tive activities, but that the two activities were very weak (e.g., values of, say, 0.05).  It would seem 
plausible in this situation to not make a very large change to the connection weight.  Equation 9-7 
accomplishes this.  For example, when two fractional positive values are multiplied together, as 
would be the case in our imagined situation, the resulting connection weight change is positive, 
but is also very small.  Conversely, if both processing units were exhibiting very large activities, 
then it stands to reason that the connection between them should be changed a great deal.  
Again, Equation 9-7 automatically accomplishes this. 

 
One minor modification to Equation 9-7 permits the exploration or manipulation of a richer 

notion of learning.  One can imagine some situations in which a system is capable of learning a 
great deal, and other situations in which a system is less capable of learning.  For instance, my 
kids are more likely to learn things in school when they are rested than when they are tired. In 
Hebb-style learning, such general effects can be modeled by using a learning rate, which is a 
constant used to scale the result of Equation 9-7 up.  Traditionally, the Greek letter η represents 
the learning rate.  When η is small or fractional, the desired weight changes will be small, which is 
analogous to the situation in which a tired child is trying to learn.  When η is large, the desired 
weight changes will be amplified, which is analogous to the situation in which a rested child is 
trying to learn.  This is all accomplished by multiplying the desired weight changes by the learning 
rate, as is indicated in Equation 9-8: 

 
δij  = η (ai •  ai )    Equation 9-8 

  
To bring this discussion to a close, 

Equation 9-8 defines how Hebb-style learning 
can be used to compute the desired change 
for a single weight in the distributed associa-
tive memory.  Linear algebra provides a very 
compact notation for defining every entry in 
the matrix ∆t+1.  Remember the rule of thumb 
that claimed that the result of combining two 
vectors together had as many rows as the first 
vector in the combination, and had as many 
columns as the second vector.  We used this 
rule of thumb to predict that when the inner 
product was computed (e.g., Equation 9-5) the 
result would be a number (i.e., a vector with 

one row and one column.  Imagine we had two vectors, c and d, and combined them in the re-
verse order than that used in Equation 9-5.  In other words, what if they were multiplied together 
in an expression in which the transposed vector was the second component, instead of being the 
first: d •  cT?  Using our rule of thumb, we would not predict that we would get a single number.  
Instead, we would predict that the result of this equation would be a full matrix with as many rows 
as were in vector d, and as many columns as were in cT. This matrix-producing operation is 
called the outer product (Figure 9-5). 

Figure 9-4.  Using the outer prod-
uct to define the desired weight changes 
in accordance with Hebb-style learning. 

 
The outer product is used to define how all of the desired weight changes for the distrib-

uted associative memory are to be calculated.  Imagine that vector d represents some pattern of 
activity that has been presented to the output units of the memory, and that vector c represents 
some pattern of activity that has been presented to the input units of the memory.  The desired 
weight changes are defined as: 

 
∆t+1 = η (d •  cT)    Equation 9-9 
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The calculation of the outer product is illustrated in Figure 9-5.  Every entry δij in the ma-

trix ∆t+1 is equal to the value ci multiplied by the value dj.  This is the outer product.  The result of 
this operation is then scaled by the learning rate, by multiplying it by the learning rate constant η. 

 
9.2.3 Behavior Of The Distributed Associative Memory 
 

9.2.3.1 Computational Account Of The Model 
 
Dawson (1998) has argued that one of the key approaches taken by cognitive scientists 

to explain an information processing system is computational.  In adopting the computational ap-
proach, one formally defines some characteristics of interest in a system (i.e., in some mathe-
matical or logical notation).  Then one uses formal operations to explore the properties of the sys-
tem, typically by constructing mathematical or logical proofs. 

 
One of the reasons that linear algebra was used to define the properties of the distributed 

associative memory in the previous sections was because it permits us to examine the system 
computationally.  In particular, we can quickly manipulate the memory system’s equations to gen-
erate proofs about its ability to function.  We can also use the equations to determine whether 
there are some general situations in which it will fail to operate as intended. 

 
As the first step in the computational analysis of a distributed associative memory gov-

erned by Hebb-style learning, let us make some simplifying assumptions.  First, let us assume 
during learning that η has a value of 1.  Because of this, it will be omitted from the learning equa-
tions.  This is only being done to simplify the equations. 

 
The second assumption involves the properties of the to-be-learned vectors that will be 

used in the equations below.  Let us imagine that there are four of these vectors: a, b, c, and d.  
We will assume that this set of vectors is orthonormal.  At a general level, what this assumption 
means is that each of these vectors has a length of 1.00, and is completely uncorrelated with the 
other three vectors in the set.  Mathematically, this assumption involves assuming certain proper-
ties are true of the inner products of the vectors in this set.  In particular, it is assumed that if one 
takes the inner product of a vector with itself, the result will be equal to 1.  However, if the inner 
product is taken between a vector and a different member of the set, the result will be equal to 0.  
For example, this assumption means that aT •  a = 1, but that aT •  b = 0, aT •  c = 0, and aT •  d = 0.  
The importance of this second assumption will be apparent shortly. 

 
Now let us define a simple learning sequence in which the distributed associative mem-

ory first learns the association between a and b by computing the outer product b •  aT and then 
learns the association between c and d by computing the outer product d •  cT.  This process of 
learning is detailed in Table 9-3, which is essentially the same as Table 9-1 with a few more spe-
cific details added because of our knowledge of which vectors are being learned at each trial: 

 
Trial (t+1) Operation Equation Describing Weight Values 

0 Start with the 0 matrix W0 = 0 
1 Associate a with b W1 = W0 + ∆1 

         = 0 + (b •  aT) 
     = (b •  aT) 

2 Associate c with d W2 = W1 + ∆2  

         = (b •  aT)+ ∆2 

     = (b •  aT)+ (d •  cT) 
Table 9-3. Learning two pairs of vectors 

  
Now that the distributed memory has learned two different associations, we can use lin-

ear algebra to predict its ability to recall remembered information.  In this example, information is 
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retrieved from the memory system is achieved by presenting either vector a or vector c as a cue 
and using the retrieval operation that was defined in Equation 9-6.  If recall is correct, then when 
the vector a is presented as a cue, the vector b should be retrieved; when c is the cue, d should 
be retrieved.  Table 9-3 provides the mathematical details about recall from the memory.  It takes 
Equation 9-6, and replaces the weight matrix with the more detailed expression for the weights 
that was provided in Table 9-2.  It then works the cue vector into the parentheses.  When this is 
done, two inner products are revealed.  Because of our assumption that the set of vectors is or-
thonormal, one of the inner products works out to 0, canceling out a vector.  The other inner 
product works out to 1.  As a result, correct recall is achieved. 

 
Cue Recall Equation Comments 

a r  = W2a 
   = ((b •  aT)+ (d •  cT))a 
   = b •  aT•  a + d •  cT •  a 
   = b •  (aT•  a) + d •  (cT •  a) 
   = b(1) + d(0) 
   = b 

Equation 9-6 
Expand W2 from Table 9-2 
Move vector a into the parentheses 
Identify the inner products with parentheses 
Compute inner products (orthonormal assumption) 
b is correctly recalled 

c r  = W2c 
   = ((b •  aT)+ (d •  cT))c 
   = b •  aT•  c + d •  cT •  c 
   = b •  (aT•  c) + d •  (cT •  c) 
   = b(0) + d(1) 
   = d 

Equation 9-6 
Expand W2 from Table 9-2 
Move vector c into the parentheses 
Identify the inner products with parentheses 
Compute inner products (orthonormal assumption) 
d is correctly recalled 

Table 9-4. Correct recall of different associations from the same memory. 
 
The equations that we have just been manipulating in Tables 9-3 and 9-4 make two im-

portant points.  First, they have shown that when we make a particular assumption about the rela-
tionships between the patterns being associated, Hebb-style learning works.  Furthermore, they 
show that this is accomplished with a single set of connections between processing units.  The 
weight matrix W2 is a single entity, but from Table 9-4 it is clear that it holds information about the 
associations between a and b and between c and d.  Second, these equations demonstrate a 
computational analysis (Dawson, 1998) of this kind of memory system.  We have been able to 
use mathematics to demonstrate correct learning and recall; we did not need to program a simu-
lation of this system to investigate these properties. 

 
Computational analyses can also be used to demonstrate some of the problems with 

Hebb-style learning.  The assumption that the set of to-be-associated vectors is orthonormal is 
extremely strong.  What it amounts to is the claim that there can be absolutely no correlation be-
tween different patterns at all.  If we were to be learning associations between entities in the 
world, then this assumption would be very limiting.  For instance, in many cases we would expect 
there to be similarities or correlations between these objects.  Indeed, one would expect – as did 
many of the associationists – that such correlations would be an important aid to memory. 

 
To examine the effect of correlation on Hebb-style learning, let us make a slight modifica-

tion to our orthonormality assumption.  We will again be interested in learning associations be-
tween four different vectors, a, b, c, and d.  We will assume once again that the inner product of 
any of these vectors with itself will result in a value of 1.  We will also assume that a, b, and d are 
uncorrelated, so that the inner product of one of these vectors with one of the other two in this 
group of three will result in a value of 0.  All of these assumptions were used in our previous 
analyses.  Our change in assumptions will involve vector c.  We will assume that this vector is still 
not correlated with vectors b or d, but that it does have a strong correlation with vector a.  In par-
ticular, we will assume that the inner product of c with a is equal to ½.  

 
Table 9-5 provides the equations for recall with our change in assumption about the rela-

tionship between c and a.  In this case, because these two vectors are correlated, their inner 
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product does not equal 0, and as a result does not completely cancel out part of the recall equa-
tion.  As a result, there is noise or error added to the recall.  Instead of recalling b when presented 
a as a cue, the memory recalls b plus some added noise: b + ½d.  Instead of recalling d when 
presented c as a cue, the memory recalls d plus some added noise: d + ½b.  The amount of 
noise that is evident in the recall is exactly equal to the correlation between c and a.  If this corre-
lation were to increase, then the amount of noise in the recalled vectors would also increase.  If 
this correlation were to decrease, then the amount of noise in the recalled vectors would also de-
crease.  It is only when this correlation is equal to 0 that there is no noise and recall is perfect. 

 

 

Cue Recall Equation Comments 
a r  = W2a 

   = ((b •  aT)+ (d •  cT))a 
   = b •  aT•  a + d •  cT •  a 
   = b •  (aT•  a) + d •  (cT •  a) 
   = b(1) + d(½) 
   ≠ b 

Equation 9-6 
Expand W2 from Table 9-2 
Move vector a into the parentheses 
Identify the inner products with parentheses 
Compute inner products  
b is not correctly recalled! 

c r  = W2c 
   = ((b •  aT)+ (d •  cT))c 
   = b •  aT•  c + d •  cT •  c 
   = b •  (aT•  c) + d •  (cT •  c) 
   = b(½) + d(1) 
   ≠ d 

Equation 9-6 
Expand W2 from Table 9-2 
Move vector c into the parentheses 
Identify the inner products with parentheses 
Compute inner products  
d is not correctly recalled! 

Table 9-5. Incorrect recall due to correlation between c and a. 

The linear algebra that we have just reviewed has shown that Hebb-style learning of as-
sociations has problems when the to-be-associated patterns are correlated with one another.  
This provides one strong suggestion that a different approach to learning associations should be 
considered if one is interested in training a distributed associative memory.  In the next section, 
we will explore Hebb-style learning with a computer simulation in an attempt to identify some fur-
ther problems.  Later, these problems will lead to a reformulation of the rule that we use to modify 
connections in the memory system.  

 
9.2.3.2 Observing The Behavior 
 
The preceding sections have provided a mathematical description of a distributed asso-

ciative memory, a formal definition of one method for storing associations in this memory, and 
mathematical proofs that show situations in which this memory works perfectly, as well as cir-
cumstances in which this memory does not function as well as desired.  In this section, we will 
examine this same memory and learning rule, but instead of working with the system computa-
tionally, we will work with it algorithmically by observing the performance of a computer simula-
tion. 

 
Given the mathematical understanding of the memory that we have already achieved, 

one might wonder about the need for creating a computer simulation.  However, a working com-
puter simulation can quickly shed some light on practical issues that are not explicitly addressed 
in mathematical proofs.  How fast is this type of learning when the memory is simulated on a digi-
tal computer?  How is performance affected when the size of the memory grows?  How does the 
learning rate affect performance?  “Behavior is sometimes explainable in retrospect, but it is nec-
essary to do the numerical experiments to see if ideas are actually workable, or if unforeseen 
problems appear.  They often do.  As only one example, there are a number of learning rules that 
can be proved to work mathematically.  Unfortunately, when simulations are done, learning times 
are found to be enormous, totally outside the boundaries of practicality.  Or the results are im-
mensely sensitive to noise, or error, or to values of particular parameters” (Anderson & 
Rosenfeld, 1988, p. 65). 
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We have developed a simulation tool that was programmed in Visual Basic 6.0 as an in-
structional tool to be used to explore a distributed associative memory.  This software is available, 
free of charge, from the website that provides supplementary material for this book: 
http://www.bcp.psych.ualberta/~mike/book2/.  This software comes with a number of example 
files that can be used to examine the advantages and disadvantages of distributed associative 
memories, and will save the results in a variety of formats (text files, Microsoft Excel spread-
sheets) for later exploration and analysis.  The reader can also use the instructions to create their 
own training sets in a format that can be read by the network. 

 
One can use this software to empirically verify the computational claims that were made 

earlier.  For instance, in two of the example training sets that are provided with the software, eight 
different paired associates are created from an orthonormal set of vectors.  If these stimuli are 
presented 10 times to a distributed associative memory, associated using the Hebb rule, with a 
learning rate of 0.1, the network will be able to perform perfect recall for each stimulus.  However, 
if correlations exist between two or more of the vectors used to create the stimuli, then the total 
network error will never reach zero no matter what the learning rate is, or how many stimulus 
presentations are made.  

 
An examination of the weight matrix that is produced when the memory learns associa-

tions between vectors that are variable (e.g., whose values are a complex mix of negative and 
positive fractional values) indicates that the system is creating representations that are indeed 
distributed.  We know from the recall performance of the network that these weights are storing 
information about eight different associations.  However, in looking at these weights, we do not 
see any evidence that these associations are stored locally.  For instance, it does not appear that 
one row of the weight matrix stores information about one association, and that another row 
stores information about a different association.  All of the weights have been affected by training, 
and information about all eight associations is distributed throughout the entire weight matrix.  If 
the structure of this network was to be interpreted, mere inspection would not do the job. 

 
The software can also be used to reveal a different problem with Hebb learning.  Imagine 

training the memory with a set of orthonormal patterns, with a learning rate of 0.1.  Learning is 
evident early in training, because the sum of squared network error – computed over all outputs 
and all patterns – steadily decreases, reaching a value of 0 by the 10th epoch.  However, addi-
tional training beyond this point actually causes error to increase with each epoch. Our general 
sense about learning is that this shouldn’t be happening.  We would normally expect that more 
learning should result in better performance.  So, if learning is operating the way that we would 
expect, then SSE should not increase.  This unfortunate finding is due to the fact that Hebb learn-
ing modifies weights after each stimulus presentation, even when the weights should not be 
changed.  In other words, Hebb learning does not use any feedback about the errors that the 
network is making.  If it did, then this would prevent it from making unnecessary changes to its 
weights, and from undoing the learning that it has already accomplished. 
 

9.3 BEYOND THE LIMITATIONS OF HEBB LEARNING 
 

9.3.1 The Limitations Of Hebb Learning 
 
There are three general reasons that the Hebb learning rule has enjoyed a great deal of 

popularity amongst researchers who are interested in developing theories of associative memory.  
First, we saw in the historical review of associationism that one of the constants from one theory 
to the next was the inclusion of the law of contiguity.  The Hebb rule is an elegant statement of 
this fundamental mode of association.  Second, in modern cognitive science there is an increas-
ing desire to relate properties of functional theories to neural mechanisms (Dawson, 1998).  The 
Hebb rule is one of the few biologically plausible learning rules.  Many researchers have taken 
pains to point out the similarities between Hebb’s account of learning and the biological mecha-
nisms that govern long-term potentiation in the brain (Brown, 1990; Cotman, Monaghan, & 
Ganong, 1988; Martinez & Derrick, 1996).  Third, even when memory systems trained by Hebb-
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style learning rules make mistakes, these mistakes are interesting, because in many cases they 
are analogous to the kinds of errors that one finds in human experiments on associative learning 
(Eich, 1982; Murdock, 1982, 1997). 

 
In spite of these attractions, the theoretical and empirical evidence that we have collected 

earlier in this chapter points to some severe limitations of a distributed associative memory that is 
trained by the Hebb rule.  First, the memory only works well when the stimuli being associated 
are completely uncorrelated.  As soon as the orthonormality assumption is violated, one cannot 
guarantee that the memory will recall the correct response when given a cue.  Second, the Hebb 
rule is not sensitive to the performance of the memory system.  This means that the Hebb rule will 
modify network connections even in situations where these modifications are not required be-
cause perfect recall has been achieved. 

 
9.3.2 Overcoming The Limitations 

 
The combination of these problems with Hebb learning and the general attractiveness of 

this learning rule suggests that we should attempt to explore some ways in which the rule can be 
improved without throwing away many of its attractive properties.  The purpose of this section is 
to describe such a refinement, and to define a new rule called the delta rule.  We will see that the 
delta rule ultimately relies on association by contiguity, and therefore maintains many of the es-
sential properties of the Hebb rule.  However, the delta rule is explicitly designed to teach a net-
work by providing it feedback about the kinds of errors that it makes.  As a result, the delta rule 
provides one approach to overcoming some of the limitations of Hebb learning that we have al-
ready encountered. 

 
9.3.2.1 Supervised Learning 
 
In connectionist research, a common distinction is made between unsupervised learning 

and supervised learning.  In unsupervised learning, a network modifies its connection weights in 
an attempt to remember regularities that it has discovered in its environment.  However, it never 
receives any information about what some programmer might think are desirable regularities.  It 
therefore also never receives any feedback about whether its responses are correct or incorrect.  
In this regard, Hebb learning is an example of unsupervised learning.  The fact that Hebb learning 
does not take into account errors that are being made by a network accounts for problems like 
the increase in network SSE that was discussed above. 

 
In supervised learning, the goal of learning is for a network to generate a set of re-

sponses that are desired by a programmer (or a teacher).  When the network generates a re-
sponse to a stimulus, this observed response is compared to a desired response, which is often 
called the target response.  Typically, one compares these two responses by subtracting the ob-
served response (0) from the target response (T) for each output unit in the network.  That is, the 
error for output unit i (εi) is: 

 
εI = Ti - Oi     Equation 9-10 

 
One of the advantages of supervised learning is that learning is only driven by mistakes.  

This implies two different things.  First, if no mistake is made, then no learning will occur, because 
no learning is required.  Second, the degree of learning should be proportional to the degree of 
error.  If a system makes a very large error, then there should be very large changes to its con-
nection weights.  However, if a system makes a very small error, then there should be a corre-
spondingly small change to its connection weights.  If we could replace the Hebb rule with a su-
pervised learning rule that operated in this fashion, then we would definitely be in a position to 
solve one of the problems with Hebb learning that we have already identified.  To be more spe-
cific, if our distributed associative memory was supervised when it learned, then once total SSE 
had dropped to 0, no more connection weight changes would occur. 
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The question is how to reformulate the Hebb rule in such a way that it can be converted 
from an unsupervised learning rule to a supervised learning rule.  As a first pass at the logic of 
this reformulation, consider Table 9-6, which is a variation of Table 9-2.  The purpose of Table 9-6 
is to consider the activity in a single input unit, treating it for the sake of simplicity as being merely 
positive or negative.  This input unit is connected to a single output unit, and the error for this unit 
has been calculated according to equation 9-10 after some pattern has been presented to the 
network.  Again, for simplicity’s sake, we consider the result of this calculation to be a value that 
is positive, negative, or equal to zero.  The table lays out the possible combinations of input val-
ues and error values in order to make clear what would need to happen to the weight of the con-
nection between the two units in order to reduce the error that was produced the next time that 
the pattern was presented to the network.  

 
Activity Of  
Input Unit 

T - O Implication Operation To 
 Reduce Error 

Direction Of Desired  
Weight Change 

Positive Positive T > O ↑  O Positive 
Positive Negative T < O ↓  O Negative 
Positive Zero T = O None Zero 
Negative Positive T > O ↑  O Negative 
Negative Negative T < O ↓  O Positive 
Negative Zero T = O None Zero 

Table 9-6. The logic of weight changes during supervised learning. T represents the 
target value for an output unit, and O represents the observed value for the output 

unit.  See text for further details. 
 
For example, consider the first three rows of the table, for which the input unit has been 

activated with some positive value.  In the first case, the error value is positive.  This means that 
the target activity is greater than the observed activity.  In order to reduce error, this means that 
the observed activity must be increased.  For this pattern, this could be accomplished by making 
the connection weight more positive, because this would amplify the positive signal being sent by 
the input unit.  In the second case, the target activity is smaller than the observed activity, which 
means that the observed activity has to be made smaller to reduce error.  This would be accom-
plished by making the connection weight more negative, because this would attenuate the posi-
tive signal being sent by the input unit.  In the third case, the target activity is equal to the ob-
served activity, which indicates that no change should be made at all to the connection weight. 

 
Similar logic can be followed for the remaining three rows in the table.  However, be-

cause in these instances the input unit activity is negative, the change to the connection weight 
will be opposite in direction to the changes that were just described.  In the first case, the connec-
tion weight must be made more negative in order to amplify (i.e., make more positive) the nega-
tive signal being sent by the input unit.  In the second case, the connection weight must be made 
more positive in order to attenuate (i.e., make more negative) the negative signal coming from the 
input unit.  Of course, in the third case there again would be no change made to the connection 
weight because there is zero error being generated by the output unit. 

 
Earlier in this chapter, we motivated the rule for Hebb-style learning by observing that if 

we multiplied the first two columns of Table 9-2 together, the result would be the third column.  A 
similar situation now arises in our discussion of supervised learning.  If one were to take the first 
two columns of Table 9-5 and multiply them together, the result would be the last column of the 
table, which indicates the direction of weight change to make in order to reduce error.  This in-
spires the following learning rule for a single connection between input unit i and output unit j: 

 
δij = ai (Tj - ai)    Equation 9-11 

 
where δij is the desired weight change, is the ai activity of the input unit, Tj is the target activity for 
the output unit, and ai is the observed activity in the output unit. 
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Equation 9-11 has two very nice properties that suggest that it is an excellent choice for a 

supervised learning rule for connections in a distributed associative memory.  First, the equation 
changes the weight in the direction that is required to reduce error, because the equation is con-
sistent with the logic that we worked through when discussing Table 9-5.  Second, it is sensitive 
to amount of error.  If the value of Tj - ai is large, then the change in the weight will be large.  If the 
value is small, then the change in the weight will be small.  If the value is zero, then – crucially – 
there will be no change in weight.  This equation places a natural brake on the learning process, 
solving one of the problems that we identified with the Hebb rule. 

 
9.3.2.2 The Delta Rule 
 
The final step in defining a supervised learning rule for the distributed associative mem-

ory is to take Equation 9-11 and modify it by including a learning rate, and by expressing it in 
terms of linear algebra so that we can use one equation to define the changes for all the weights 
in a network that consists of multiple input and output units.  When we defined the Hebb rule, we 
used the outer product of two vectors – scaled by a learning rate – to define the matrix of weight 
changes ∆t+1.  We can also follow this procedure for defining our supervised learning rule, which 
is called the delta rule.  Let us assume that vector cT represents some pattern of activity that has 
been presented to the input units of the memory.  Let us also assume that the vector t (for target) 
defines the vector that should be correctly recalled from the memory when c  is used as the cue 
in Equation 9-6.  Let vector o (for observed) be the actual activity that is generated in the output 
units when c is the cue.  The desired weight changes, scaled by the learning rate η, are defined 
as: 

 
∆t+1 = η ((t - o) •  cT)   Equation 9-12 

 
The expression t – o in Equation 9-12 is the difference between two vectors.  The result 

of this operation will be another vector, with the same number of entries that would be found in 
either vector t or vector o.  Let us name this third vector ε, to represent the fact that it is a vector 
of error values.  Consistent with our definition of error in Equation 9-10, each entry εi in this vector 
is equal to the value (ti – oi).  With this definition of the error vector, we can rewrite Equation 9-12 
as: 

 
∆t+1 = η (ε •  cT)    Equation 9-13 

 
Equation 9-13 is important in that it makes very explicit the relationship between the delta 

rule and the Hebb rule.  If you compare it to Equation 9-9, you will see that the two learning rules 
are very similar.  The delta rule essentially involves Hebb learning, but this learning is not carried 
out until after a couple of preliminary steps have been taken.  First, a cue vector is presented to 
the existing memory to see what vector would be recalled from the memory if no weight changes 
were made at all.  Second, an error vector is computed by subtracting this observed recall vector 
from the target vector.  Third, Hebb learning is performed, but the association that is learned is 
between the cue vector and the error vector.  The point of doing this – as was explained in our 
discussion of Table 9-5 – is to only make changes in weights that are necessary to reduce error.  
If the error vector is full of zeroes, then no weight changes will be made when Equation 9-13 (or 
9-12) is applied. 

 
9.3.2.3 The Power Of The Delta Rule 
 
In this section, we are going to briefly examine the performance of the delta rule, and 

compare it to the performance of Hebb learning, by repeating the four simulation experiments that 
were described earlier.  It is also possible to compare the two rules by doing a computational 
analysis of the delta rule, and comparing the conclusions drawn from that analysis to those that 
we drew after working through the proofs about the abilities of Hebb learning.  While this isn’t 
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done in the current chapter, mathematical examinations of the delta rule are available in the 
literature.  Stone (1986) provides a particularly good treatment. 

 
When the delta rule is used to train the distributed memory on the associations between 

patterns constructed from an orthonormal set of patterns, using the same learning rate as was 
used with the Hebb rule, the network will converge to a solution.  However, it usually takes longer 
than is observed with the Hebb rule.  However, if training is continued, the delta rule continues to 
improve performance.  In other words, this particular memory system is performing in a fashion 
that is in more accordance with our intuitions:  when the memory has more repetitions on the 
paired associates, its performance improves.  Furthermore, performance does not get worse with 
additional training! 

 
If one plots network SSE as a function of epochs when the delta rule is used, then one 

sees an important emergent property.  Network SSE decreases exponentially, with a great deal of 
learning occurring early in training, but with learning slowing down as training proceeds.  This is 
to be expected because the amount of learning depends upon the amount of error that the net-
work is making (see Equation 9-12).  As the network learns more, its error is reduced, and as a 
result learning slows down.  We saw this pattern earlier in Chapter 4 when we discussed mathe-
matical models of learning in general, and the Rescorla-Wagner learning rule (Rescorla & Wag-
ner, 1972) in particular.  One of the important findings that demonstrated a strong relationship 
between connectionism and mathematical models in psychology was a proof that showed that 
learning rules like the delta rule are indeed equivalent to the Rescorla-Wagner rule (Sutton & 
Barto, 1981). 

 
One of the interesting and important properties of the delta rule is that it is more powerful 

than Hebb learning.  Because the rule works explicitly to reduce output unit error, it turns out that 
there are some associations that can be stored in a network using the delta rule, but which can-
not be stored if the network is trained using the Hebb rule.  For instance, we created a set of lin-
ear independent vectors were to use to define patterns to be associated.  Linearly independent 
vectors are correlated with one another, but you cannot express one of these vectors as a 
weighted sum of any of the other vectors in a set.  When the Hebb rule is used to train a network 
to associate vectors of this type, perfect learning never occurs.  However, when this set of asso-
ciations is trained using the delta rule, the network is able to learn the problem.  In one simulation, 
after 775 iterations network SSE has dropped below 0.01, and the training was stopped.  With 
this small level of total error, network performance is near perfect for all eight stimulus-response 
pairs.   

 
How is it possible for the delta rule to come up with a set of connection weights that can 

store these eight associates, while this was not possible when the Hebb rule was used to train the 
network?  One empirical clue to this additional power comes from examining the connection 
weights in the network at the end of training.  For simpler problems (i.e., learning associations 
involving orthonormal vectors), the matrices of connection weights that resulted were symmetric, 
and the same set of weights is produced by either learning rule.  In a symmetric matrix the value 
in cell wij is the same as the value found in cell wji.  For linearly independent vectors, though, the 
delta rule produces a weight matrix that is not symmetric at all.  The ability of the delta rule to cre-
ate a set of connection weights that are not symmetric means that it can store a wider range of 
associations than can be learned via the Hebb rule.  This is because the Hebb rule is constrained 
to always produce a symmetric set of connection weights. 

 
This is not to say that the delta rule is all-powerful, however.  Computational analyses of 

this rule have demonstrated that it permits associations to be learned when some correlations 
exist between vectors, but it is unable to learn associations when other correlations exist.  In par-
ticular, the delta rule is not capable of correctly recalling associations when the training set is 
linearly dependent.  We ran one simulation of this for 20,000 epochs.  However, after all of this 
training, the network had not converged upon a solution.   By the end of the first 1000 sweeps of 
training, total error had dropped to about 0.544.  Further training did not lead to any noticeable 
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improvement.  (However, further training also did not lead to the network performing any poorer, 
which demonstrates again one advantage of the delta rule over the Hebb rule.) 

 
9.4 ASSOCIATIVE MEMORY AND SYNTHETIC PSYCHOLOGY 

 
The primary goal of describing the distributed associative memory in this chapter was to 

introduce some basic notions about connectionist models.  We will see in the chapters that follow 
that many advances in connectionist architectures can be described as elaborations of some of 
the concepts that were introduced in this chapter.  However, it is important to realize that distrib-
uted associative memories are interesting in their own light, and can be used to synthetically ex-
plore some issues in the psychology of learning and memory. 

 
One key area of research is the study of associative learning in animals.  Throughout the 

history of this topic, the underlying assumption has been that the discovery of elementary asso-
ciative laws that govern animal learning can be used to aid in the understanding of more complex 
types of learning and cognition observed in humans.  However, the current state of this field 
would suggest that these associative laws are complex, and a surprising variety of theories have 
been proposed in recent years.  For example, it is frequently argued that there are a number of 
regularities in learning that cannot be explained by the Rescorla-Wagner model (Miller, Barnet, & 
Grahame, 1995).  Because of this, many different models have been proposed in an attempt to 
either broaden the scope of the Rescorla-Wagner model, or to replace it with a theory that has 
been derived from an alternative framework (for reviews see Pearce & Bouton, 2001; Wasserman 
& Miller, 1997).  “Other cognitive processes such as attention, memory, and information process-
ing are now being invoked to help explain the facts of associative learning.  The next several 
years of research will be exciting ones, as neuroscientists and cognitive scientists join experimen-
tal psychologists in an interdisciplinary attack on the challenging problems of associative learning 
and behavior change” (Wasserman & Miller, 1997, p. 598). 

 
With respect to this interdisciplinary research program, distributed associative memories 

may provide an interesting environment in which new ideas about associative learning can be 
explored.  For instance, we noted earlier that the delta rule has been proven to be formally 
equivalent to the Rescorla-Wagner rule (Sutton & Barto, 1981).  Presumably, this implies that it 
too suffers from the same limitations that have been motivating new theories about associative 
learning in animals.  Can these new theories be implemented in the contiguity-based scheme that 
we have been developing in this framework?  Can attentional modulations be added to a distrib-
uted associative memory by manipulating stimulus encodings, and then applying something like 
the delta rule? 

 
There has also been a considerable amount of interest in using models like the one that 

has been introduced in this chapter to account for a number of different regularities in human 
memory (Anderson, Silverstein, Ritz, & Jones, 1977; Eich, 1982; Hinton & Anderson, 1981; Mur-
dock, 1982, 1985; Pike, 1984).  One reason for this interest has been the fact that when distrib-
uted memories make errors, these errors are systematic, and can be related back to the kinds of 
errors that are made by human subjects in associative memory experiments.  For example, we 
saw earlier that under certain conditions a distributed associative memory will generate re-
sponses that represent “blends” of different memories.  Memory models of this type also exhibit 
emergent behaviors that suggest that they provide an excellent environment in which human as-
sociative memory can be explored.  “Current connectionist models have been successful in ac-
counting for a range of basic phenomena such as the effect of contingency on associative learn-
ing, as well as more complex effects such as enhanced responding to an unseen prototype pat-
tern and partial memory for the training items” (Shanks, 1995, p. 151). 

 
Interestingly, one of the primary attractions of distributed associative memories has been 

the fact that they offer theories that appear to be more biologically plausible than their competitors 
(Hinton & Anderson, 1981; Shanks, 1997).  Indeed, many researchers have recently been inter-
ested in taking networks like the ones that have been described in this chapter, or more sophisti-
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cated networks, and using these simulations to study neural mechanisms of learning and memory 
(Brown, 1990; Cotman et al., 1988; Foster, Ainsworth, Faratin, & Shapiro, 1997; Gluck & Myers, 
1997; Lynch, 1986; Martinez & Derrick, 1996). 

 
The reason for this interest has been the discovery of a particular neural phenomenon, 

called long-term potentiation.  Long-term potentiation is the long-lasting increase of synaptic effi-
ciency that occurs when two connected neurons are active (or nearing activity) at roughly the 
same time.  This increase in efficiency appears to be related to the properties of a particular re-
ceptor mechanism, the NMDA receptor.  It also appears to be related behaviorally to memory and 
spatial learning mediated by the hippocampus, because chemicals that block NMDA receptors 
disrupt these behaviors.  In short, the biochemical study of long-term potentiation appears to be 
revealing the mechanisms that underlie the kind of neural changes that motivated theories of as-
sociation by both James (1890) and Hebb (1949). 

 
However, with this increased understanding of long-term potentiation, and with an emerg-

ing and detailed understanding of neural mechanisms, there has also been an increased need to 
propose more sophisticated models of synaptic change.  Brown et al. (1990) note that there have 
been anywhere from 50 to 100 theories of this type, and proceed to review only a subset of these.  
They classify them as being Hebbian algorithms, generalized Hebbian algorithms, and global 
control algorithms.  Again, one question to ask is how might this more sophisticated rules be in-
corporated into the models that have been described in the current chapter.  Do these rules result 
in solving some problems that were not solved by the delta rule?  If implemented, do these rules 
lead to behavioral results that are more or less consistent with the performance of human sub-
jects in memory experiments? 

 
One theme that seems to be emerging in even this cursory glance at the current state of 

research related to distributed associative memories is that, while interesting, the versions of the 
networks that were described in this chapter are not as powerful as would seem to be required to 
keep up with advances in the field.  What general approach could be used to increase the power 
of these networks?  In the next two chapters, we will consider two very basic – but critical – modi-
fications.  In Chapter 10, we will consider some of the implications of changing the activation 
function from being linear (as is the case in Equation 9-2) to being nonlinear.  In Chapter 11, we 
will consider how the use of a nonlinear activation function permits even more power through the 
use of additional layers of processing units separating network input from network output.

Minds And Machines © M.R.W. Dawson 03/02/2003 


	Michael R.W. Dawson
	University OF Alberta
	Chapter 1: The Kids In The Hall
	1.1 SYNTHETIC VERSUS ANALYTIC TRADITIONS

	Chapter 2: Advantages And Disadvantages Of Modeling
	2.1 WHAT IS A MODEL?
	2.2 ADVANTAGES AND DISADVANTAGES OF MODELS
	2.2.1 Rigorous Specification Of Theory
	2.2.1.1 Precision Of Terms
	2.2.1.2 New Tools For Studying Concepts
	2.2.1.3 Revelation Of Hidden Assumptions

	2.2.2 Problems With Formalization
	2.2.2.1 The Irrelevant Specification Problem
	2.2.2.2 The Relevant Formalization Problem
	2.2.2.3 The Communication Problem

	2.2.3 Exploration Of Complex Domains
	2.2.3.1 The Economy Of Models
	2.2.3.2 Beyond Mathematical Boundaries

	2.2.4 Problems With Exploring Complex Domains
	2.2.4.1 Bonini’s Paradox
	2.2.4.2 The Validation Problem

	2.2.5 Serendipity
	2.2.5.1 Emergence And Surprise
	2.2.5.2 An Example: Banding In Value Units

	2.2.6 Luck: Good And Bad
	2.2.6.1 Is Good Luck Bad Science?
	2.2.6.2 Good Luck, Bad Control
	2.2.6.3 Going Beyond The Model



	Chapter 3: Models Of Data
	3.1 AN EXAMPLE OF A MODEL OF DATA
	3.2 PROPERTIES OF MODELS OF DATA
	3.2.1 Models Of Data Fit Pre-Existing Measurements
	3.2.2 Models Of Data Are Usually Linear
	3.2.3 Models Of Data Are Evaluated By Goodness Of Fit
	3.2.4 Models Of Data Rarely Surprise Us
	3.2.5 Models Of Data Do Not Behave


	Chapter 4: Mathematical Models
	4.1 AN EXAMPLE MATHEMATICAL MODEL
	4.2 MATHEMATICAL MODELS VS. MODELS OF DATA
	4.2.1 The Need For Pre-Existing Measurements
	4.2.2 Linearity
	4.2.3 Goodness Of Fit
	4.2.4 Surprise
	4.2.5 Model Behavior


	Chapter 5: Computer Simulations
	5.1 A SAMPLE COMPUTER SIMULATION
	5.1.1 Production System Models
	5.1.2 A Cryptarithmetic Example


	5.2 CONNECTIONIST MODELS
	5.2.1 Properties Of Connectionism
	5.2.2 A Connectionist Example

	5.3 PROPERTIES OF COMPUTER SIMULATIONS
	5.3.1 Requirement For Existing Data
	5.3.2 Linearity
	5.3.3 Goodness Of Fit
	5.3.4 Surprise
	5.3.5 Model Behavior


	Chapter 6: First Steps Toward Synthetic Psychology
	6.1 INTRODUCTION
	6.1.1 Synthetic Psychology Vs. Embodied Cognitive Science
	6.1.2 Overview: Synthesis, Emergence, Analysis

	6.2 BUILDING A THOUGHTLESS WALKER
	6.2.1 A Class Project
	6.2.2 Materials

	6.3 STEP 1: SYNTHESIS
	6.3.1 From Rotation To Stepping
	6.3.2 Balance
	6.3.3 Leg Support

	6.4 STEP 2: EMERGENCE
	6.4.1 Two-Legged System
	6.4.2 Four-Legged System
	6.4.3 Six-Legged System
	6.4.4 Emergence And Surprise

	6.5 STEP 3: ANALYSIS
	6.5.1 Emergence And The Thoughtless Walker
	6.5.1.1 Recognizable, Recurring Patterns
	6.5.1.2 Rule-Governed System
	6.5.1.3 Dynamic System
	6.5.1.4 Adaptive System
	6.5.1.5 Persistent Patterns, Changing Components

	6.5.2 Comparison To Biological Walking
	6.5.2.1 Lifelike Motion
	6.5.2.2 Control With No Brain
	6.5.2.3 Limitations And Future Explorations


	6.6 ISSUES CONCERNING SYNTHETIC PSYCHOLOGY

	Chapter 7: Uphill Analysis, Downhill Synthesis?
	7.1 INTRODUCTION
	7.2 FROM HOMEOSTATS TO TORTOISES
	7.2.1 Feedback And Machines
	7.3.1 Ashby’s Homeostat
	7.3.1.1 Basic Design
	7.3.1.2 Behavior Of The Homeostat
	7.3.1.3 Implications

	7.3.2 Grey Walter’s Tortoises
	7.3.2.1 Basic Design
	7.3.2.2 Behavior
	7.3.2.2 Implications


	7.4 VEHICLES
	7.4.1 Braitenberg’s General Approach
	7.4.2 Some Example Vehicles
	7.4.2.1 Vehicle 1: Getting Around
	7.4.2.2 More Advanced Vehicles
	7.4.2.3 Vehicle 6: Selection, The Impersonal Engineer
	7.4.2.4 Further Sophistications


	7.5 SYNTHESIS AND EMERGENCE: SOME MODERN EXAMPLES
	7.5.1 NETtalk
	7.5.2   Cricket Phonotaxis
	7.5.3 Stigmergy And Group Behavior

	7.6 THE LAW OF UPHILL ANALYSIS AND DOWNHILL SYNTHESIS
	7.6.1 From Demonstration To Explanation
	7.6.2 Implications Of Braitenberg’s Law
	7.6.3 Towards Synthetic Psychology


	Chapter 8: Connectionism As Synthetic Psychology
	8.1 INTRODUCTION
	8.2 BEYOND SENSORY REFLEXES
	8.2.1 Visuomotor modules
	8.2.2 Reflexes Vs. Representations
	8.2.3 Synthesis And Representation

	8.3 CONNECTIONISM, SYNTHESIS, AND REPRESENTATION
	8.3.1 Connectionism And Synthesis
	8.3.2 Connectionism And Synthesis: An Example
	8.3.2.1 Metric Representations Of Space
	8.3.2.2 Are Spatial Representations Metric?
	8.3.2.3 A Synthetic Approach To Spatial Representation
	8.3.2.3.1 Defining The Problem
	8.3.2.3.2 Choosing The Network Architecture
	8.3.2.3.3 Training The Network


	8.3.3 Connectionism And Emergence: A Prelude
	8.3.4 Connectionism And Analysis
	8.3.4.1 Connectionism And Representation
	8.3.4.2 Connectionism And Bonini’s Paradox
	8.3.4.3 Interpreting Connectionist Networks

	8.3.5 Connectionism And Analysis: An Example
	8.3.5.1 Relating The Map Of Alberta To Hidden Unit Connection Weights
	8.3.5.2 Relating Connection Weights To Hidden Unit MDS Spaces
	8.3.5.3 Coarse Coding From Hidden Unit Activations To Distance Ratings

	8.3.6 Connectionism And Emergence: An Example
	8.3.6.1 Implications For The Hippocampal Cognitive Map
	8.3.6.1 Coarse Allocentric Coding And Nonmetric Judgments
	8.3.6.3 Implications


	8.4 SUMMARY AND CONCLUSIONS

	Chapter 9: Building Associations
	9.1 FROM ASSOCIATIONISM TO CONNECTIONISM
	9.1.1 Philosophical considerations
	9.1.1.1 Aristotelian Contributions
	9.1.1.2 17th Century Associationism In Philosophy
	9.1.1.3 18th Century Philosophy And Associationism
	9.1.1.4 19th Century Philosophy And Associationism

	9.1.2 Psychology, Associationism, and Connectionism
	9.1.2.1 19th Century Contributions Of William James
	9.1.2.2 The Paired Associate Task
	9.1.2.3 20th Century Models Of Distributed Memory


	9.2 BUILDING AN ASSOCIATIVE MEMORY
	9.2.1 Defining the problem
	9.2.2 The Network Architecture
	9.2.2.1 Processing Units
	9.2.2.2 Modifiable Connections
	9.2.2.3 The Retrieval Operation
	9.2.2.4 Hebb-Style Learning

	9.2.3 Behavior Of The Distributed Associative Memory
	9.2.3.1 Computational Account Of The Model
	
	
	
	Table 9-3. Learning two pairs of vectors




	9.2.3.2 Observing The Behavior


	9.3 BEYOND THE LIMITATIONS OF HEBB LEARNING
	9.3.1 The Limitations Of Hebb Learning
	9.3.2 Overcoming The Limitations
	9.3.2.1 Supervised Learning
	9.3.2.2 The Delta Rule
	9.3.2.3 The Power Of The Delta Rule


	9.4 ASSOCIATIVE MEMORY AND SYNTHETIC PSYCHOLOGY

	Chapter 10: Making Decisions
	10.1 THE LIMITS OF LINEARITY
	10.1.1 A Chain Of Distributed Memories
	10.1.2 Removing The Links Of The Chain

	10.2 A FUNDAMENTAL NONLINEARITY
	10.2.1 The Need For Nonlinearity
	10.2.2 The All-Or-None Law

	10.3 BUILDING A PERCEPTRON: A NONLINEAR ASSOCIATIVE MEMORY
	10.3.1 From Distributed Associative Memory To The Perceptron
	10.3.2 The Perceptron’s Architecture
	10.3.2.1 Processing Units
	10.3.2.2 Modifiable Connections
	10.3.2.3 Decision: The Retrieval Operation

	10.3.3 Learning With Nonlinearity
	10.3.3.1 Rosenblatt’s Learning Rule
	10.3.3.2 The Gradient Descent Rule
	10.3.3.3 Perceptrons And Linear Nonseparability
	10.3.3.4 The Dawson-Schopflocher Learning Rule
	10.3.3.5 Exploring The Three Learning Rules


	10.4 THE PSYCHOLOGY OF PERCEPTRONS
	10.4.1 Supervised Learning And Classical Conditioning
	10.4.2 The Patterning Problem
	10.4.2.1 Patterning Problems In Classical Conditioning
	10.4.2.2 A Multilayer Account Of Negative Patterning
	10.4.3.3 Perceptrons And Patterning
	
	
	
	Previously Reinforced
	Previously Reinforced




	10.4.3.4 Summary And Implications


	10.5 THE NEED FOR LAYERS

	Chapter 11: Sequences of Decisions
	11.1 THE LOGIC OF LAYERS
	11.1.1 Hidden Units Detect Higher-Order Features
	11.1.2 Hidden Units Transform Pattern Spaces

	11.2 TRAINING MULTILAYERED NETWORKS
	11.2.1 The Credit Assignment Problem
	11.2.2 Error Backpropagation
	11.2.3 The Generalized Delta Rule
	11.2.4 The Dawson-Schopflocher Rule
	11.2.5 Exploring Learning In Multilayered Networks

	11.3 A SIMPLE CASE STUDY: EXCLUSIVE OR
	11.3.1 Using Hidden Units To Detect Additional Features
	11.3.2 Using Hidden Units To Transform The Pattern Space

	11.4 A SECOND CASE STUDY: CLASSIFYING MUSICAL CHORDS
	11.4.1 Defining The Problem
	11.4.2 Classifying Chords With A Network

	11.5 A THIRD CASE STUDY: FROM CONNECTIONISM TO SELECTIONISM
	11.5.1 Instructionist Versus Selectionist Theories
	11.5.2 A Connectionist Formulation Of Selectionism
	11.5.3 A Case Study: The Parity Problem
	11.5.3.1 Defining The Problem
	11.5.3.2 Manipulating The Number Of Hidden Units
	11.5.3.3 Manipulating The Initial Structure Of Connection Weights
	11.5.3.4 Training The Networks
	11.5.3.4 The Potential Power Of Selectionism
	
	N
	N


	11.5.3.5 The Need For Future Research



	Chapter 12: From Synthesis To Analysis
	12.1 REPRESENTING MUSICAL CHORDS IN A PDP NETWORK
	12.1.1 Linear Analysis Of Hidden Unit Responses
	12.1.2 Representation Of Notes By Connection Weights
	12.1.3 Problems With Major Chords, And How To Solve Them
	12.1.4 Implications Of The Interpretation

	12.2 INTERPRETING THE INTERNAL STRUCTURE OF VALUE UNIT NETWORKS
	12.2.1 Identifying Trigger Features In Integration Device Networks
	12.2.1.1 Empirical Discovery Of Trigger Features
	12.2.1.2 Analytic Discovery Of Trigger Features

	12.2.2 Families Of Trigger Features In Value Units
	12.2.3 Identifying Local Features In A Network Of Value Units
	12.2.3.1 Problem Definition
	12.2.3.2 Network Architecture And Problem Encoding
	12.2.3.3 Training The Network
	12.2.3.4 Identifying Definite Features Associated With Bands

	12.2.4 Identifying Distributed Features In A Network Of Value Units
	12.2.4.1 Problem Definition
	12.2.4.2 Network Architecture
	12.2.4.3 Training The Network
	12.2.4.4 Activations, Cluster Analysis, And The Number Of Clusters Problem
	12.2.4.5 Solving The Number Of Clusters Problem
	12.2.4.6 Cluster Analysis Of The Zoo Network


	12.3 NETWORK INTERPRETATION AND SYNTHETIC PSYCHOLOGY
	12.3.1 Interpretations Based On Finding Local Features In Bands
	12.3.1.1 The Wason Card Selection Problem

	12.3.2 Interpretations Based On Finding Features Distributed Across Hidden Units
	12.3.2.1 The Mushroom Problem
	12.3.2.2 The Mushroom Problem With Extra Outputs

	12.3.3 Interpretations Based On Other Techniques.


	Chapter 13: From Here To Synthetic Psychology
	References

